We show that the curvature of nanomagnets can be used to induce chiral textures in the magnetization field. Among the phenomena related to the interplay between geometry and magnetic behavior at nanomagnets, an effective curvature-induced chiral interaction has been recently predicted. In this work, it is shown that a magnetization configuration consisting of two structures with opposite winding numbers (vortex and antivortex) appear as remanent states in hollow toroidal nanomagnets. It is shown that these topological configurations are a result of a chiral interaction induced by curvature. In this way, the obtained results present a new form to produce stable vortices and antivortices by using nanomagnets with variable curvature.
I. INTRODUCTION
Proper control over magnetization textures is at the heart of a large variety of technological applications. This makes of any new tool to control the fate of magnetization patterns a very interesting avenue for research. In this context, topological spin configurations such as chiral skyrmions, magnetic bubble domains, vortices and antivortices have been widely studied due to the possibility to produce devices based on magnonics and spintronics technology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . For example, skyrmion based "race-track" memory devices 4, 13 and vortex based transistor 14 have been recently proposed. Chiral skyrmions are two-dimensional topological solitons localized in nanoscale cylindrical regions [15] [16] [17] . The understanding of the physics of magnetic skyrmions and their applications in potential spintronic devices requires the knowledge of the properties of an isolated skyrmion. In this context, an analytical solution for such isolated skyrmions has been recently obtained and compared with experimental results 18 . Despite vortices being also characterized by a winding number, in 3D systems they do not have topological stability and then, their stabilization in magnetic systems is ensured by subtle competition between the dipolar and exchange energies 19 . In this case, vortices can appear as the groundstate of submicron magnetic elements of different shapes [20] [21] [22] . In addition, vortex domain walls are stable configurations in cylindrical nanotubes and their dynamics is under intense investigation 23, 24 . Unlike skyrmions and vortices, the preparation of a nanostructure that contains a stable antivortex is a challenging task. Indeed, antivortices can appear as an unstable magnetization configuration during a vortex core reversal 25 . Nevertheless, experimental and theoretical works have reported that a stable single antivortex can appear in asterisk 9, 26 and cross-like 11 shaped permalloy particles. In this letter, we provide an additional mechanism for the nucleation, control and transport of chiral textures of the magnetization by appealing to the geometrical curvature of the system.
Curvature has become a cornerstone in the modern description of the behavior of magnetic systems. In fact, a lot of effort has been dedicated to the understanding of the effects that the geometrical properties of a system have on the static and dynamic behavior of the magnetization 27 . For instance, the presence of curvature and torsion in curved wires yield the appearing of a domain wall pinning and a Walker limit 31 during the domain wall motion [28] [29] [30] . The basics spin wave and domain wall motion physics behind the geometrical confinement of magnetic textures has been investigated in cylindrical nanomagnets [32] [33] [34] [35] and a curvature-induced asymmetric spin wave has been predicted to appear in the spin wave dispersion along ferromagnetic nanotubes 36 . As a last example, the coupling between an external magnetic field strength and the surface curvature can lead to the appeareance of a 2π-skyrmion excitation on magnetic surfaces described by the Heisenberg Hamiltonian 37, 38 .
In a recent work, approximating the full extent of the dipolar interaction by a suitably chosen shape anisotropy, Gaididei et al 39 have obtained a functional to calculate the exchange energy for magnetic shells with an arbitrary geometry in function of its Gaussian and mean curvatures. They have shown that an effective anisotropy and a Dzyaloshinskii-Moriya-like interaction (DM-like interaction) 41, 42 are induced by curvature. Such curvature-induced DM-like interaction was firstly predicted in the context of a bending in a magnetic film 43 . That is, the bending of the film induces a handedness in the magnetization, which becomes more pronounced as the curvature of the film increases in such way that geometry can break the inversion symmetry and give rise to chiral effects. Pylypovskyi et al showed that this effective DM-like interaction is responsible by a chiral symmetry breaking of a domain wall motion in magnetic helices 44 and Möbius ring 45 . Based on the above and on the fact that the torus presents a curvature varying from negative (internal border) to positive (external border), with arXiv:1610.04283v4 [cond-mat.mes-hall] 6 Jan 2017 a relatively easy geometrical description, we propose that this shape is ideal to analyze the predicted chiral effects induced by the curvature. In this work it is shown that the variable curvature of the torus yields chiral magnetization patterns with opposite winding numbers (vortex and antivortex) and so, a new way to stabilize vortices and antivortices in magnetic nanoparticles by using curvature effects is proposed. The magnetic properties of toroidal nanomagnets have been previously studied 46, 47 . However, the geometrical parameters considered so far do not allow the appearance of more complex structures during reversal process that could evidence a curvatureinduced DM-like interaction. Here, we study hollow toroidal nanoparticles that are expected to display the qualitative features rendered by the curvature-induced DM-like interaction 39 .
II. THEORETICAL MODEL
In general, in a curved surface parametrized by the coordinates (q 1 , q 2 ), we can write the magnetization in an orthogonal curvilinear basis, (q 1 ,q 2 ,n =q 1 ×q 2 ), in the form M = M S m, with M S being the saturation magnetization and m =n cos Θ +q 1 sin Θ cos Φ +q 2 sin Θ sin Φ , (1) where, Θ ≡ Θ(q 1 , q 2 ) and Φ ≡ Φ(q 1 , q 2 ) describe the angles of the magnetization vector field in a curvilinear background. In this way, the exchange energy density for an arbitrary curved magnetic shell is explicitly written below 39, 40 
where A is the stifness constant, Γ(Φ) is a matrix depending on the Gauss and mean curvatures of the nanomagnet and Ω is a modified spin connection, defined as
A torus with genus 1 embedded in a 3D-space can be parametrized by r = (R + r sin θ)(x cos ϕ +ŷ sin ϕ) +ẑ r cos θ , (4) where R and r are respectively the toroidal and poloidal radii and θ plays the role of polar angle describing the torus surface (See Fig. 1 ). In this case, its Gaussian curvature is evaluated as K(θ) = sin θ[r(R + r sin θ)]
and then, the the curvature of the torus varies from a positive to a negative value along the polar-like angle, that is, K(π/2) = [r(R + r)] −1 and K(3π/2) = −[r(R − r)] −1 . From Eq. (3), the modified spin connection for the toroidal geometry can be calculated from the geometrical parameters defined in Eq. (4), leading to It can be noted that the spin connection varies in function of θ, pointing along −φ for θ ∈ (−π/2, π/2) and +φ for θ ∈ (π/2, 3π/2). In this context, we have that Ω t (0) = −φ/R and Ω t (π) =φ/R. According Gaididei et al 39 , if magnetostatic energy is approximated by an easy-tangential anisotropy (this is a good approximation for thin shells) and a tangential magnetization configuration (Θ = π/2) is considered, the magnetic energy can be split in three components: i) the "standard" ex-
2 which homogenizes the spatial distribution of the magnetization vector, minimized for Φ = constant; ii) an effective anisotropy, given by E A = AΓ 2 ; and iii) an effective DM-like interaction, given by E D = −2A(∇Φ · Ω). The latter contribution is minimized when the magnetization display inhomogeneous distribution textures. The magnetization ground state can be interpreted as a result of the interplay among dipolar, a curvature-induced magnetic field pointing along the normal direction and these three curvature-induced interactions 39 . If we consider a general magnetization distribution on a toroidal shell, the curvature-induced DM-like energy density is given by
From Eq. (6), one can estimate the effective DM-like interaction strength induced by curvature. Indeed, by using a dimensional analysis, we have that D/a 2 ∼ A/R = J/Ra and thus, D ∼ J(a/R), where a is the lattice constant and J is the exchange constant. From Eqs. (1) and (6), it can be noted that the effective DM-like interaction term to the energy of a in-surface vortex state, given by Θ = π/2 and Φ = π/2, and a single domain state, represented by Θ = θ + π/2 and Φ = π/2 (pointing along x-axis direction), is 0 and then, no chiral effects are present for these magnetization fields. Nevertheless, due to its dependence on θ, chiral effects coming from curvature-induced DM-like interaction must be evident when other magnetization configurations appearing in a toroidal nanomagnet are analyzed. Therefore, to study metastable states in a toroidal nanomagnet and analyze the possibility of the appearance of chiral interactions induced by variable curvature, we have performed micromagnetic simulations for hollow Permalloy nanotori and solved the Landau-Lifshitz-Gilbert equation
where γ 0 = µ 0 |γ| = µ 0 g|µ B |/ , with γ the gyromagnetic ratio, M S is the saturation magnetization, E is the free energy density and α is the dimensionless Gilbert damping parameter. The first term of Eq. (7) describes the precession of the magnetization under the influence of an effective magnetic field H eff = (−1/µ 0 M S )δE/δm, the second term accounts for the relaxation mechanisms that dissipate energy by making a torque towards the effective field. The effective magnetic field that each magnetic moment experiments is created by the exchange, dipolar and anisotropy interactions, as well as the external magnetic field.
III. RESULTS
The LLG equation was solved by using the 3D Object Oriented MicroMagnetic Framework (OOMMF) 50 package using the computational facilities available in nanohub 51 . The simulations were run using an exchange constant A = 1.3 × 10 −11 J/m, a saturation magnetization M S = 860 A/m, a cubic mesh with size 1 nm and a damping α = 0.5. The considered geometric parameters are: toroidal radius R = 52 nm; internal poloidal radius r i = 20 nm; and external poloidal radius r e = 26 nm, resulting in a 6 nm thickness torus. In the simulations, we have saturated the magnetization with an external magnetic field in such way that the initial state consists in a single domain along x-axis direction. Then, we have diminished the magnetic field until 0 and analyzed the remanent state of the magnetization. 3 . Snapshot of the remanent state for a holow cylindrical nanoparticle when the magnetic field is pointing along x-axis direction. The highlighted planes evidence that no chiral states appear in a hollow cylindrical magnetic particle.
the symmetry properties of the LLG equation 52 . That is, if the static magnetic structure is generated by starting from saturation in the in-plane direction and reducing the external field to zero, vortices with opposite chiralities form on opposite ends of a sample. This effect is known, for example, for cylinders or whiskers 53 with flat ends that are originally magnetized along their symmetry axis. On the other hand, we have performed micromagnetic simulations for a half torus section with the same previous described geometrical parameters. It has been observed the formation of only one VA pair and there are no two vortices with opposite chiralities in this case. That is, the two vortices appearing at the ends of the integer torus would also appear if the torus would cut on two halves and each half was under the action of an inplane magnetic field. Then, such pair of vortices at the opposite borders of the torus cannot be associated with the symmetry properties of the LLG equation. Nevertheless, the symmetry of the LLG equation continues to exist because each the VA pair presents opposite chiralities.
These VA pairs can be interpreted as minimal versions of a cross-tie domain wall 54, 55 , separating two domains that are formed along the poloidal angle. One domain pointing along −φ (−π/6 θ π/6) and another along +φ (5π/6 θ 7π/6). The formation of one domain in the upper and down regions of the toroidal nanoparticle is a result of the interplay between the shape anisotropy (magnetostatic) and exchange interactions or, in an equivalent way, from the interplay between dipolar, DM-like and curvature-induced effective anisotropy interactions. Indeed, if we consider an in-surface magnetization configuration (Θ = π/2) and the previous definitions of E D and E A we have that
and
From the analysis of Eqs. (8) and (9), it can be noted that for θ = 0 or θ = π, E D ∼ 2/R 2 and E A ∼ 1/r 2 . Since Since R > r, the solution that minimizes the energy depends on the relation R/r. By taking the parameters described in the simulations, we have that R = 2r and then E A dominates, making the in-surface solution Φ = π/2 more favorable. On the other hand, for θ → π/2, the first term of Eq. (9) dominates and it favors the solution Φ = 0. Therefore, from the adopted parameters, E D even plays the role in such way that spatially inhomogeneous distributions must take place. These spatially inhomogeneous states leads to the formation of observed upper and down domains, evidenced in Fig. 2a . The main consequence of the appearance of these two domains is the formation of the VA pair and in this case, curvature-induced chiral states are observed and DMlike interaction determines the region where the vortex and the antivortex must appear. In fact, by assuming ρ = (r cos θ) 2 + [(R + r sin θ) sin ϕ] 2 , the ansatz
can be used to describe the vortex (+) and antivortex (-) core with radius ρ c , appearing at θ = π/2(−π/2). In this context, the winding number of the metastable state is determined by ∂ ϕ Φ appearing into the second term of Eq. (6) . Indeed, the signal of second term in Eq. (6) presents a dependence on θ in such way that,
Therefore, from a direct analogy with the planar case, the ansatz Φ = ± arctan[r cos θ/(R + r sin θ) sin ϕ] can be adopted to describe a vortex (+) or antivortex (-) configurations. In this case, above term of the energy is minimized for ∂ ϕ Φ < 0 (vortex) around θ = π/2 and ∂ ϕ Φ > 0 (antivortex) around θ = −π/2. Then, the DM-like interaction is responsible for the appearance of a vortex in the external border of the torus and an antivortex in the internal border of the torus. Due to the fact that an antivortex is found at the internal border of the torus, one can conjecture that the antivortex is for a negative curvature as the vortex is for a positive curvature 57, 58 . Nevertheless, the study on the magnetic groundstate of particles with negative curvature is still lacking.
The antivortex is the topological counterpart of a vortex, having opposite winding number and so, the appearing of two VA pairs preserves the topological winding number of the initial state (Q = 0 for a single domain). In fact, while a vortex has winding number Q v = +1, an antivortex presents Q a = −1. The conservation of the winding number occurs because two configurations belonging to different homotopy classes cannot be continuously deformed one to another 56 and thus, isolated vortices (antivortices) or two pairs of vortices (antivortices) are not possible in this case. In addition, the two VA pair state demands lower energy than a two vortices pairs state since if a two pair of vortices would be the remanent state, four antivortices must appear at θ = 0(π) φ = 0(π) in order to smoothly connect such vortices pairs, increasing the dipolar and exchange energy of the system. Connecting the VA pairs, it can be noted an in-surface state along the torus that is, the remanent state consists in a quasi-tangential state connecting two VA pairs. From Eq. (6) and the described geometrical parameters (R = 52 nm and r = 26 nm), one can estimate the curvature-induced DM-like interaction effective strength in D ∼ 0.005 − 0.012 meV for the external (θ = π/2) and internal (θ = −π/2) borders of the torus, respectively.
The formation of VA on a toroidal shell is a very interesting result, both from the fundamental as well as from the applied point of view. From the fundamental point of view, the appearance of a configuration with positive winding number at the external border and a configuration with negative winding number at the internal border of the torus evidence the intrinsic relationship between curvature and magnetization properties of ferromagnetic nanoparticles. Then, one can conclude that in consequence of a curvature-induced DM-like interaction, there is the possibility of the appearing of a curvatureinduced topological metastable state in curved nanomagnets. From the applied point of view, if it is possible to generate and guide the VA state from a curved section of a nanowire to a straight section without annihilate them, this pair could be thought as a candidate to compose devices based on the concept of spin logic operations 6 or "race-track" memory 59 . Another interesting possibility is to study the interaction of this pair vortex-antivortex with oscillating magnetic fields aiming to use these chiral states as nano-emitter/nano-collector (nanoantenna) devices 60, 61 . To highlight the role of the curvature in the generation of the VA pair, we have performed micromagnetic simulations for a hollow cylinder with same geometrical dimensions of the torus. In fact, differences must be evident when we consider the two geometries, since by parametrizing the cylinder in the natural cylindrical coordinate system (n =ρ,q 1 =φ,q 2 =ẑ), the modified spin connection for the cylindrical geometry is evaluated as Ω c = 0 and thus, there is not a curvature-induced DMlike interaction term to the magnetic energy in this case (consequently no chiral configuration must be noted). Indeed, by observing the remanent state given in Fig 3, it can be noted that it consists in a single vortex turning around the ring hole and chiral metastable states do not appear in this case. The absence of a VA pair in the sample with exactly the same dimensions but with vanishing curvature is a strong indicator that the origin of the chiral texture lies on the curvature of the hollow torus.
On the other hand, if the magnetic field is pointing along the z-axis direction, a different behavior must be expected for a hollow cylindrical nanomagnet. In this case the parametrization is given by (n =ẑ,q 1 =ρ,q 2 = ϕ) and consequently Ω c = −φ/ρ. Therefore, a chiral effect must be noted. In this context, we have also studied the behavior of the magnetization in a hollow toroidal and cylindrical nanomagnets by analyzing the remanent state when an external magnetic field is applied along zaxis direction. As expected, due to the symmetry of LLG equation, in remanence, it can be noted the formation of a double vortex with opposite chiralities for both geometries (See Fig. 4) . However, it can be noted that due to the smooth curvature of the torus, the vortex state is still present at its internal neck while due to the high exchange energy cost to support a vortex, the internal neck of the hollow cylindrical ring presents a single domain state pointing along z-axis direction (See Fig. 3b) . For both cases, the formation of a two opposite vortex state can be explained by the need to reduce the dipolar energy (vortices with same chirality would lead to larger dipolar energy) and the nanomagnets behave as an array of nanorings separated by a vertical distance d 62 . This remanent state is also very interesting for applications in spintronic and magnonic devices, due to the possibility to control the chirality of the vortex on one side of the nanomagnet by controlling the other one.
The experimental evidences of the obtained metastable states can be found by analyzing the reversal process of the magnetization during a hysteresis cycle. To understand the mechanism behind the nucleation and annihilation of the observed VA pair (H x ) and two opposite vortices (H z ) and to show how these states can be experimentally observed, we have studied the hysteresis curves appearing from each reversal processes. The hysteresis curves describing such reversal processes is shown in Fig.  5 . It is observed that when the magnetic field is applied along x-axis direction, the hysteresis curve presents a reduction in the magnetization at remanence. This reduction evidences the formation of the two VA pairs. From the analysis of a video available in Supplemental Materials 63 , it is observed that as the magnetic field increases in the opposite direction, each VA pair annihilate giving place to a transient state formed by two in-surface domain walls at the opposite sides of the torus. These domain walls joint themselves and the hysteresis curve present a typical neck associated to the nucleation of a vortex state. For |H x | ≥ 100 mT, the vortex configuration gives place again to a double domain wall, which diminish their lengths when the magnetic field continues to increase, disappearing for H x ≈ 250 mT. On the other hand, Fig 5b describes the hysteresis curve when the magnetic field is applied along z-axis direction. It can be noted a fast decreasing in the magnetization for H ≤ 500 mT, evidencing the formation of the opposite vortices with a small region in which magnetization points along z-axis (See supplemental materials 63 for a video). These vortices remain at remanence and are annihilated at |H z | ≈ 100 mT. It is also noted that in both cases (in-plane and out-of-plane magnetic fields), the magnetic field strength that annihilates the remanent state is small (in the order of 200 mT) and thus, the obtained metastable states are easily nucleated and annihilated. Thus, the creation and annihilation of a VA state in toroidal nanotubes could be used in data storage devices.
IV. CONCLUSIONS
In conclusion, chiral topological interactions induced by curvature can take place in a hollow nanomagnet with variable curvature. Due to its variable curvature, the remanent state of the magnetization in a hollow torus consists in a configuration in which a vortices appear at the external borders and antivortex are present at the internal border of the torus. Qualitative analysis supports the fact that a VA state has lower energy than a state in which the torus presents two pairs of vortices. From a direct comparison of the results obtained for a geometry with variable curvature with the remanent state of a hollow cylindrical nanomagnet (Gaussian curvature is 0), we showed that the VA state is a result of an effective DMI induced by curvature. In this case, we have shown the new possibility to stabilize vortices and antivortex in magnetic nanoparticle by using curvature. This chiral state could be used in devices working under the concept of spintronic, race-track memory and nanoantennas. Finally, the remanent state when the external magnetic field is pointing along z-axis direction consists in a two vortex state with opposite chirality. In this case, main differences between toroidal and cylindrical cases live in the vortex structure in the internal border of both geometries. The reversal processes for both cases (H pointing along x and z direction) were analyzed. The mechanism behind the appearance and annihilation of the VA pairs have been described by analyzing the hysteresis curves and it was shown that the VA pairs annihilate themselves and the reversal process is followed by the nucleation of a single vortex state.
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